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Abstract. Let F he a field containing a primitive pth root of 
unity, and let U be an open normal subgroup of index p of the 
absolute Galois group Gp oi F. Using the Bloch-Kato Conjecture 
we determine the structure of the cohomology group H"{U,¥p) 
as an Fp[Gi?/t/] -module for all n e N. Previously this structure 
was known only for n = 1, and until recently the structure even 
of H^{U,¥p) was determined only for F a local field, a case set- 
tled by Borevic and Faddeev in the 1960s. For the case when the 
maximal pro-p quotient T oi Gp is finitely generated, we apply 
these results to study the partial Euler-Poincare characteristics of 
Xn{N) of open subgroups N of T. We show in particular that the 
nth partial Eulcr-Poincare characteristic Xn{N) is determined by 
only Xn{T) and the conorm in H'"-{T,¥p). 



Let F be a field containing a primitive pth root of unity ^p. Let Gp 
be tlie absolute Galois group of F, U an open normal subgroup of Gp 
of index p, and G = Gp/U . 

In the 1960s Z. I. Borevic and D. K. Faddeev classified the possible 
G-module structures of the first cohomology groups H^{U,¥p) in the 
case F a local field j.Bo| . Recently this result was extended from local 
fields to all fields F as above |MSlj . and in this more general context 
the result has been further developed and applied in |MS2j . |MS3j . 
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|MSSj ■ and |MSS2j . It is important in the study of Galois cohomology 
to extend these resuhs to all cohomology groups if"(f/, Fp), n eN. 

The celebrated 1982 paper of Merkurjev-Suslin jMeSuj achieved sub- 
stantial progress in the investigation of Galois cohomology, and in hind- 
sight we know that these results were already sufficient to extend the 
results of Borevic and Faddeev to H'^{U, Wp) for any field F containing a 
primitive pth root of unity. Because of connections with Brauer groups, 
Galois embedding problems, and Galois pro-p-groups, a precise knowl- 
edge of the structure H^{U,¥p) as an Fp[G']-module has significant ap- 
plications: see |LLMS2j . for example, for consequences characterizing 
Galois Demuskin pro-p-groups. 

The main conjectures in contemporary Galois cohomology include 
the Bloch-Kato Conjecture, the natural generalization to Milnor K- 
theory of Hilbert 90, and generalization of the exact sequences in Milnor 
/T-theory contained in |MeSuj from the case n = 2 to any n G N. V. Vo- 
evodsky's's partially published proof of the Bloch-Kato Conjecture, 
based upon earlier work of A. S. Merkurjev, M. Rost, and A. A. Suslin, 
encompasses all of these. (See jRj, |Suj . |Vlj and |V2j .) In this paper 
we show that two results related to the Bloch-Kato Conjecture, con- 
tained in |Vlj and |V2j and quoted precisely in section |21 are sufficient 
to determine the structure of all Fp[G]-Galois modules H"'{U, Wp) for all 
n e N. Moreover, this structure depends only on simple arithmetical 
invariants attached to the field extension E/F, where E is the fixed 
field of U in the separable closure Fsep of F. In particular, we use 
Hilbert 90 for Milnor K-theorj in an essential way to prove that no 
cyclic Fp[G']-module of dimension j with 2 < j < p can occur as a 
summand of H"'{U,Wp). Because we rely only on the main conjectures 
mentioned, our results could already have been obtained conditionally 
in the early 1980s. 

We have already used the results on the Fp[G']-structure of H"'{U, Fp) 
to obtain a generalization of Schreier's formula to higher Galois coho- 
mology groups |LLMSlj , to obtain a new characterization of Demuskin 
groups |LLMS2j , and to construct fields with free or trivial Galois coho- 
mology modules |LMSj . Moreover, using ideas in this paper, we clarify 
when an analogue of Hilbert 90 is valid for Milnor fc-theory and Galois 
cohomology |LMSSj . Our results here also lead to a characterization of 
all possible decompositions of H"-{U, Fp) into a sum of indecomposable 
Fp[G']-modules. In a special case, this has been achieved [ LLMS2t The- 
orem 4]. An investigation of the moduli space of all decompositions of 
H"'{U,¥p) is a work in progress. 
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Here we use the results to produce remarkably simple formulas for 
the nth partial Euler-Poincare characteristic of U. These formulas 
provide a new tool for studying the structure of Sylow p-subgroups of 
absolute Galois groups, about which little is currently known. Recall 
Artin-Schreier's important observation that the only finite subgroups of 
absolute Galois groups are the trivial subgroup and Z/2Z, and Becker's 
generalization of this result to the case of the Galois group of a maximal 
j9-extension |Bej . These results lead naturally to the search for a classifi- 
cation of finitely generated subgroups of Sylow j9-subgroups of absolute 
Galois groups. The question is settled for algebraic number fields and 
for fields of transcendence degree 1 over local fields |Elj . |E2j . |E3j . In 
the case of p = 2 for arbitrary fields F with \F^ /F^'^\ < 8 |JWlj partial 
progress was made, but there are still open questions about possible 
Galois pro-2 groups with three generators. Thus, we know only very 
few types of such groups, and while the elementary type conjecture 
asserts that there are no others, there is not much evidence for the 
validity of the conjecture. (See section [7| for additional comments and 
references on this conjecture.) It is significant, therefore, that we are 
able to derive results on the good behavior of partial Euler-Poincare 
characteristics — and its relation to cohomological dimension — without 
appealing to the conjecture. 

In the Appendix |BeLMSj written with Dave Benson, we use these 
results to provide examples of pro-p-groups which cannot be realized 
as absolute Galois groups. 



1. Main Theorems 

The main ingredient for our determination of the G-module structure 
of i/"(f/,Fp) is Milnor i^-theory. (See [Mi] and [FVl Chap. IX].) For 
z > 0, let KiF denote the zth Milnor K-gToup of the field F, with 
standard generators denoted by {/i, . . . , /j}, /i, . . . , /j G F \ {0}. For 
a G KiF, we denote by a the class of a modulo p, and we use the 
usual abbreviation knF for KnF/pKnF. We denote by (/) the element 
in H^{U,¥p) corresponding to / in F \ {0} and by (/i, /„) the cup 
product (/i) ■■■(/„) in H^{U,¥p). 

Let E be the fixed field of U in the separable closure Fsep of F. We 
write Ne/f for the norm map KnE KnF, and we use the same 
notation for the induced map modulo p. We denote hj the natural 
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homomorphism in the reverse direction. We also apply the same nota- 
tion Ne/f and lE for the corresponding homomorphisms between co- 
homology groups, although when convenient we replace these with the 
equivalent maps coie/f and resi;'^^;. The image of an element a G KiF 
in H''{Gf,^p) we also denote by a. We formulate our results in terms 
of Galois cohomology for intended applications, but we use Milnor K- 
theory in our proof. 

Our decomposition depends on four arithmetic invariants Ti, T2, y, 
z, which we define as follows. Fix a E F such that E — and 
let a E G satisfy — ^p. First, for an element a. of /cjF, let 



denote the annihilator of the product with a. When the domain of a is 
clear, we omit the subscript on the map and write simply ann a. We use 
analogous notation for the annihilator of a in H'^{U, ¥p) when we work 
in Galois cohomology rather than in Milnor X-theory. Because we will 
often use the elements {a}, {^p}, {a, a}, and {a.Xp}- we omit the bars 
for these elements. We also omit the bar in the element {^^} G knE. 

Fix n G N and U an open normal subgroup of G^r of index p, and 
write E = Fix{U). Define invariants associated to E/F and n as 
follows: 

d := dimpp knF/NE/FknE, e := dimpp NE/FknE 

Ti := dimpp annfc„_iF{a, Cp}/ ann{a}, T2 := dimpj, kn-xFj ann{a, ^p} 



Qm\k^_^F OL = ann kn-iF 



•n—l+i 



F 



z 



y 




^dimiKj {NE/FknE) / {a} ■ annfe„_,i7{a, -1}, 

dimp, {knF) I ({{p} • kn-lF + NE/FknE) , 
dimF2 {knF) I ({a} • kn-xF + NE/FknE) , 



dimpj, {NE/FknE) / {a} ■ 



p > 2 



p > 2 
p = 2 



Our main results are then the following. 
Theorem 1. If p > 2 and n G N then 

H''{U, Fp) ~ Xi © © F © Z 



where 



(1) Xi is a trivial ¥p[G] -module of dimension Ti and 

X,nresF,EH''{GF,^p)^{0} 

(2) X2 is a direct sum 0/T2 cyclic ¥p[G]-modules of dimension 2 
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(3) Y is a free ¥ p[G\-module of rank y 

(4) Z is a trivial ¥p[G]-module of dimension z and 

Z C resir,£ i/"(G'i.,Fp). 

Further we have 

(5) = resi.,^, coiEiF H^iU, Fp) 

(6) coye/f- Xi Q) X2 (a) ■ H'^'^{GF,¥p) is surjective 
^7; Ti + T2 + y = e 

(8) T2 + z = d. 

Theorem 2. If p = 2 and n eN then 

//"(f/,F2) ~Xi©r 

where 

(1) Xi is a trivial ¥ 2[G\-module of dimension Ti and 

XinreSi.,£;iJ"(G^,F2) = {0} 

(2) Y is a free ¥2[G\-module of rank y 

(3) Z is a trivial ¥2[G]-module of dimension z and 

Z CTeSF,EH'\GF,¥2). 

Further we have 



(4) Y^ = TeSF,ECOTE/FH^{U,¥2) 

(5) cote/f'- Xi —>■ (a) ■ ann(a, —1) is an isomorphism 

(6) Ti+y = e 

(7) T2 + z = d. 

Remark. The case n = 1 in the two theorems recovers the resuhs of 
[MSI,. 



The isomorphism classes of Fp[G']-modules Xi © Z, X2, and Y are 
determined by H"'{U,¥p), but the decomposition of H'^{U,¥p) into 
summands Xi, X2, Y, and Z is not canonical. However, there is an 
equivalent, canonical version of our results, contained in the following 
statements. These statements describe [knE)'^ and the intersection of 
(knE)^ with images of knE under successive powers of the augmenta- 
tion ideal of Fp[G']. Here the augmentation ideal is generated by cr — 1, 
but the statements are independent of the choice of a generator a of 
G as well as a primitive pth root of unity ^p. Assume first p > 2. (See 
Proposition ^ and Lemma 01) 
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(1) for each i > 3, 

{a - ly-'KE n {KEf = ieNe/fKE = {a - ly-'KE. 

(2) {a - l)KE n {KEf = iE{{ir>} ' ^n^i^) + IeNe/fKE. 

(3) ^ ann{a} ^ K-iF KF ^ {^Ef 
{a} ■ ann{a, ^p} 0. 

If p = 2 the exact sequence Q is equivalent to Theorem |21 This 
equivalent, canonical reformulation of Theorems ^ and |21 follows from 
their proofs in sections ISl and El 

Now we turn to an application of the results above to Galois pro-p- 
groups. For a pro-p-group T with finite cohomology groups H^{T,¥p) 
for < i < n, the nth partial Euler-Poincare characteristic Xn{T) is 
defined as 

n 

X„(T) = ^(-l)Mim^^F'^(T,Fp). 

Generalizing a previous result of Safarevic, Koch observed a very in- 
teresting criterion for cohomological dimension cd(G) being < n, using 
the Euler-Poincare characteristic of open subgroups of T. (See |Ko| 
Thm. 5.5].) For a strengthening of Koch's result see |Sc] . 

Suppose now that T = Ge{p) is the maximal pro-p-quotient of an 
absolute Galois group of a field F containing a primitive pth root 
of unity, and suppose T has finite rank. In this paper we show that for 
N an open subgroup of T of index p, the single condition that Xn{N) = 
pXn(T) is equivalent to the condition that cor : H"'{N, ¥p) H"-(T, ¥p) 
is surjective. Using this result, we strengthen Koch's criterion in our 
case, showing that if Xn{N) = pXniT) for all open subgroups of 
index p, then cd(T) < n. 

The essential part of section [7| is a formula for x„(A^), where 
is an open subgroup of T of index p. This formula depends only on 
p, x„(T), and the conorm in degree n. The connection with module 
structure takes particular notice of the maximal free submodules in 
the cohomology groups; we show that Xn{N) differs from pXniT) by a 
certain multiple of the degree n conorm, and if p > 2 then Xn{N) is 
determined by the maximal free submodules in the cohomology groups 
together with this conorm. To see the role of the free submodules more 
clearly when the dimensions are finite, we set F'^{N) to be a maximal 
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free Fp[T/iV]-submodule of H\N,¥p) and define the nth partial free 
Euler-Poincare characteristic Xni-^) by 

n 

(Observe that Xni-^) independent of the choice of F'^{N) for each i.) 
Our theorem is as follows. 

Theorem 3. Let p be a prime and F a field containing a primitive 
pth root of unity. Suppose T = Gsil{F{p)/F) is a pro-p-group of finite 
rank, N is a subgroup ofT of index p, and n G N. 

(a) We have 



PXn{T) - Xn{N) = i-irip - 1) dimip^ 



cor H^{N,¥p)' 

(b) Now additionally assume either that p > 2 or that p = 2 and 
-1 G Ne/f{E), where E = Fix(A^). Then 



X„(iV) = xI(iV) + (-l)"dimF, 



cor m{N,¥p)' 



Under the initial hypotheses of Theorem El we deduce the following 
corollaries. 

Corollary 1. The following are equivalent. 

(1) Xn{N)=pXn{T) 

(2) corif"(iV,Fp) = H'\T,¥p) 

Under the hypothesis either that p > 2 or that p = 2 and —1 G 
Ne/f{E), then these are additionally equivalent to 

(3) xn{N) = xl{N). 

Corollary 121 below shows in particular that if Xn{N) = pXn{T) for all 
open subgroups of T of index p, then the same relation holds for all 
open subgroups V of index p of any given open subgroup U of T. 

Corollary 2. Let n G N. The following are equivalent: 

(1) Xn{N) = pXniT) for all open subgroups NofT of index p 

(2) cd(T) < n 

(3) Xniy) = VXiU) for all open subgroups U of T and all open 
subgroups V of U of index p in U. 
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2. BLOCH-KATO AND MiLNOR i^-THEORY 



Our proofs rely on the following two results in Voevodsky's work on 
the Bloch-Kato Conjecture. Because we apply Voevodsky's results in 
the case when the base field contains a primitive pth root of unity we 
shall formulate Voevodsky's results restricted to this case. The first is 
the Bloch-Kato Conjecture itself: 

Theorem 4 (|Vll Lemma 6.11 and §7] and |Vl §6 and Thm. 7.1]). 

(1) Let F be a field containing a primitive pth root of unity and 
m G N. Then the norm residue homomorphism 

is an isomorphism. 

(2) For any cyclic extension E/F of degree p, the sequence 



K^E ^ K^E K^F 



is exact. 



The second result establishes an exact sequence connecting kmF and 
kmE for consecutive m. (We translate the statement of the original 
result to i^'-theory using the previous theorem.) In the following result 
a is chosen to satisfy E = F{^). 

Theorem 5 ( |VH Def. 5.1 and Prop. 5.2]). Let F he a field containing 
a primitive pth root of unity with no extensions of degree prime to p. 
Then for any cyclic extension E/F of degree p and m G N, the sequence 

km-iE km-iF ^"^ > kmF kmE 

is exact. 



We observe that we may remove the hypothesis that the field F has 
no extensions of degree prime to p. We give a proof of the following 
theorem in sectional 

Theorem 6 (Modification of Theorem E}. Let F be a field containing 
a primitive pth root of unity. Then for any cyclic extension E/F of 
degree p and m G N the sequence 

km-iE km-iF > kmF kmE 



is exact. 
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3. Notation and Lemmas 

We fix n G N and the cyclic extension E = F(^/a), and we write 
kn~iF = ann{a} © V" © W, where ann{a, ^p} = ann{a} © V. Observe 
that Ti = diniFp V and T2 = diniFj, W. We denote hj is - KnF KnE 
the map induced by the inclusion of F in E. In what follows we will 
frequently refer to the element ^/a, and so we abbreviate it by A. We 
recall that if p = 2 then {a, ^p} = {a, — 1} = {a, a} G ^2-^) while if 
p > 2 then {a, a} = G k2F. Finally, we will use the projection 
formula for taking the norms of standard generators of KiF (see |FW| 
p. 81]). 

Lemma 1. We have a vector space isomorphism 

V®W {a} ■ kn^iF 

and, if p > 2, the compositum of the maps {^p} ■ — and ie 

W ^ {^p} ■ W ^ iE{{ip} ■ W) 
is a vector space isomorphism as well. 

Proof. The first isomorphism follows from the fact that V ®W is a, 
complement in kn-iF of the kernel of multiplication by {a}. For the 
second, assume p > 2. Suppose that w & W and a = {^p} ■ w G ker i^;. 
Then by Theorem IHl a = {a} ■ c for c G Kn-iF. Since {a, a} = we 
see that {a} ■ a = 0. But then w G ann{a, S,p} and so w = 0. □ 

For 7 G KnE, let ^(7) denote the dimension of the cyclic Fp[G]- 
submodule (7) of k^E generated by 7. Then we have 

((T-l)'(^)-i(7) = (7)^^0 and (a - 1)'(^)(7) = 0. 

We denote by N the map (cr — 1)^^^ on knE. Because (a — 1)^"^ = 
1 + 0" + ■ ■ ■ + a^~^ in Fp[G], we may use ieNe/f and interchangeably 
on knE. 

Lemma 2. Let p > 2. Suppose 7 G KnE with I = > 2. Then if 
I > 3, 

{(J - l)'-^7 G iENE/FknE, 

and if I = 2 

((T - 1)7 G iEiiCp} ■ kn-lF) + iENE/FknE. 
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Proof. If I = p, then (a — ly^^knE = lENE/pknE shows the result in 
this case. 

Suppose / < p. Then 7 G ker(cr — 1)^"^ and so iENE/F{l) = 0. 
By Theorem there exists h G Kn-iF such that Ne/f1 = {a} ■ b. 
Equivalently Ne/f1 = for some / G KnF. By the projection 

formula (see |FWt p. 81]), 

NE/F{l~{A}-lE{h)-lEU))=^- 

Then by Theorem |5 there exists uo G KnE such that 
{cr-l)u = -i-{{A}-iE{h)+iEf) 
and hence, since I > 2, 

(a - ly-'^ = (a - lYu + (a - 1)'-%({U ■ b). 

If ^(7) > 3 we deduce 

(a - l)'-i7 = (a - l)'cu 

where l{uj) =1 + 1. Set 7^+1 = u and repeat the argument. We obtain 
7fc G KnE of lengths I < k < p with 

(a-l)'-i7 = (^-l)'-'7.. 
Take a = 7^ to obtain 

(a - l)'-^7 e ieNe/fKE, 

as required. 

If /(7) = 2 we have that 

(a-l)^={a-l)^u + ZE{{Cp}-b) 

for some u; G -ft'n-E and some 6 G Kn-iF. We see that /(tu) < 3. If 
/(cj) < 3 then 

{(T -l)^ eiEiiCp} ■ kn-iF), 

while if l{uj) = 3 then by the previous case we see that {a — G 
iE^E/FknE, SO the result holds in either case. □ 

Proposition 1. If p > 2, then 

{a - l)knE n {knEf = iEii^p} ■ kn-lF) + lENE/FknE 

and for 3 < i < p, 

{a - ly-'knE n {knEf = ieNe/fKE. 

If p = 2 then 

{a - l)knE n {knEf = IeNe/fKE. 
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Proof. We have that ioi 2 < i < p, 

iENE/pknE ={a- ly-^knE n {knEf C (a - ly-^knE n {knEf. 

The statement for p = 2 follows immediately. Now assume that p > 2. 
Note also that 

lEii^p} ■ kn-iF) = {a- 1){{A} ■ kn-iF) da- l)knE n {k^Ef. 

Thus lEiiip} ■ kn-iF) + iENE/pknE G (cr - n (knE)^ and the 

reverse inclusion follows from Lemma |21 

Now we shall prove that if 3 < i < p, then 

(a - ly-'knE n {k^Ef = lENE/pknE. 

Because iENE/pknE = (a — ly^^knE we see that 

ipNE/pknE C (a - ly-^knE n {knEf 

for each 1 < i < p. In order to establish the reverse inclusion when 
3 < z < p, consider (a - 1)*"^7 G (cr - n {knE)^ . We may 

assume without loss of generality that /(7) = z, and then since p > 2, 
we have (a — 1)*~^7 G iENE/pknE by LemmaEl as desired. □ 

In the following lemma we elongate the exact sequence of Theorem IHl 
Lemma 3. The following sequence is exact: 

— >■ ann{a} kn-iF — — > knF (knE)^ ^'^"^> {a}-ann{a, .^p} — > 0. 
Here the map ann{a} —>■ kn-iF is the natural inclusion. 

Proof. We show first that NE/p{{knE)^) C {a} ■ aiin{a,^p}. Let a G 
{knE)'^ and [3 = Ne/poi. Since iE^NE/pcn) = (cr — lY~^a. = we have 
that (3 = NE/pOi = {a} ■ b for some b G Kn~iF by Theorem IHl 

Suppose p = 2. Since (3 is in the image of Ne/p, we have by The- 
orem El that {a} ■ P = {a,a} ■ b = 0. Since {a, a} = {a, —1}, we have 
b G ann{a, —1}. 

Now suppose that p > 2. Write /5 = {a} ■ b + pf for some / G KnF. 
Then by the projection formula (see |FWl p. 81]), 

NE/F{a-{{A}-iE{b)+tE{f)))=0. 

By Theorem 0J there exists u G KnE such that 

^a_l)^ = a-{{A}-tE{b)~tE{f)) 
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and hence (a — l)'^uj = {^p} • 2^(6). 

If (cr — lyco = then by Theorem {C,p} ■ b = {a} ■ h for some 
h G Kn-iF. Because {a, a] = 0, the right-hand side of the preceding 
equation is annihilated by {a}. Therefore b G ann{a,^p}. 

If {a — 7^ then l{uj) = 3 and Lemma El shows that 

^Em}■b)=^E{NE/F(^)) 

for some A G KnE. By TheoremlHl we have {^p} ■ b = Ne/f{^) + {a.} ■ h 
for some h G K^-iF. Now by Theorem El and the fact that {a, a} = 0, 
the right-hand side of the preceding equation is annihilated by {a}. 
Then b G ann{a, ^p}. Hence in all cases Ne/fO^ G {a} ■ ann{a,^p}. 

Exactness at the first two terms is obvious, and exactness at the 
third term follows from Theorem (HI 

For exactness at the fourth term, suppose 

7 G (KE)^ and Ne/f1 = 0. 

Then Ne/f1 = pf for / G K^F. Let /5 = 7 - tEif)- Then Ne/fP = 
and by Theorem there exists a G K^E such that (cr — l)a = (3. If 
p = 2 then /3 = iE{NE/F(y) ^ iE^nF and we are done. Thus assume 
p > 2. 

Now if (cr — l)a = (3 = we are done as then 7 = «£;(/). Hence 
assume (cr — l)a 7^ 0. Then /(c^) = 2 and by Lemma Owe see that 

(3 = {a - l)a e {^p} ■ lEkn-lF + lENE/FknF C lEknE 

and exactness at the fourth term is established. 

Finally we show the exactness at the fifth term. Since 

{a} ■ ann{a, ^p} = {a} ■ V 

it is enough to show that each element {a} ■ v where v & V can be 
written as Ne/fo^ for some a G (knE)'^. Observe that 

{a-l){{A}-tEv) = {^p}-ZE{v). 

Also we have 



NE/F{{A}-tEiv)) 



{a} ■ V if p > 2 
{—a} ■ V if p = 2. 
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Therefore it is enough to show that there exists an element 7 G knE 
such that (o" — 1)7 = {^p} ■ isiv) and 



Ne/fI 



if p > 2 

{-l}-v lip = 2. 

Indeed then we can set a = {A} ■ lEiy) — 7. 



Because v G ann{a, ^p} we see that {^p} ■ lEiv) G ann{a}. By Theo- 
rem IHl there exists 13 G knE such that 

{^v) ■ ^ = Ne/f^ and ie{Ne/f^) = {cr - l)^"^^. 

Then setting 7 = (cr — iy~'^(3 we obtain our required element. The 
proof of our lemma is now complete. □ 

Next, we need a general lemma about Fp[G']-modules. The straight- 
forward proof of this lemma is omitted. 

Lemma 4. Let Mi, i E I, be a family of FplGj-modules contained 
in a common Wp[G]-module N. Suppose that the ¥p-vector suhspace 
R of N generated by all has the form R = ©igjMp. Then the 
¥p[G]-module M generated by Mi, i G X, has the form M = ©jgjMj. 

Finally, we need a general structure proposition about Fp[G]-modules 
that shows that the structure of an Fp[G]-module X can be determined 
from the structure of X*^. 

Proposition 2. Let X be an ¥p[G]-module. Set Lp = {a — ly^^X and 
for 1 < i < p, suppose that Li is an ¥p-complement of {a — fl X^ 
m (a-iy-^XnX^. 

Then there exist ¥p[G]-modules Xi, i = 1, . . . ,p, such that 

(vx = et,x,, 

(2) Xf = L,fori = l,...,p, 

(3) each Xi is a direct sum of dmiY^{Li) cyclic ¥ p[G]-modules of 
length i, and 

(4) for each i = 1, . . . ,p, there exists an ¥p-submodule Yi of Xi with 
dimFp(y;) = dimFp(Li) such that ¥p[G]Yi = Xi. 

Proof Since (a - 1)p-^X C X^, we see that Lp = {a - 1)p-^X n X^. 
By reverse induction on i = p,p — 1, ... ,1, we obtain 

(a - ly-^X nX^ = ®%iLj. 
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Observe that because Lj is an Fp-complement of {a — lyx fl X*^ in 
(cr — ly^^X n X^, for each i = 1, . . . ,p, there exists an Fp-submodule 
Yi of X such that (a - 1)% = and (a - 1)^-^ : ^ is an Fp- 
isomorphism. Set Xj to be the Fp[G]-submodule of X generated by F,. 
By Exclusion Lemma El the sum of the X^ is direct since the sum of 
the X^ = Lfc is direct. 

We need only show that X = ®l=iXk. Let Jk = ker(o- - 1)'' C X, 
k = 1, . . . ,p. Then we have the filtration X*^ = Ji C J2 C ■ ■ ■ C Jp = 
X. Let X & X. Then (a — ly^^x G Lp, and hence there exists Up (zYp 
with (cr — ly^^x = {a — lY'^Up. Therefore x — yp E Jp-i- 

More generally we show for all k G {2, 3, . . . ,p} that if a; G then 
there exist Xi E Xi, k < i < p, such that x — J2^=k ^ Jk-i- We have 
already shown our statement for k = p. Hence assume that x E Jk, 
k < p. Then 

(a - l)'-'x G (a - 1)''-'X H = ©f^.L^. 
Hence there exist li E L^, i = k, . . . ,p, such that 

(a- 1)^-^0; = f^/„ 

and there exist E Yi, i = k,...,p, such that (a — = k- 

Therefore 

(a - l)'^-'x = (a - - j . 

Setting Xk = yk & X^, and Xj = (cr — lY~^yi E Xi, i > k, we have 

p 

X - G Jfc_i 

i=k 

as required. 

Therefore, using the fact that 

= = ©f^iL, = ®Ux^ C ©LiX,, 

as well as our statement above, we show by induction on k that Jk C 
(B^^iXi for all k = 1,2, . . . ,p. In particular Jp = X C ©f=iXj, which 
completes our proof. □ 
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We determine now the structure of knE as an Fp[G] -module. We do 
so by invoking Proposition ^ to determine Fp-modules Li, i = 1, . . . ,p, 
such that 

= (a - ly-'KE = {a- ly-^KE n {KEf, 

and such that Li is an Fp-complement of (a — lyknE fl (knE)^ in 
((T— ly^^knE n {knE)^ . In this way we may then apply Proposition El 

Proof of Theorem^ Assume that p > 2, and set 

Ll=Xi + Z, L2=lE{{ip}-W), Lp = tENE/FknE, 

where we choose Fp-complements Xi, W, and Z, as follows: 

Xi © iEknE = {knEf 

W ® ann{a, ^p} = kn-iF 

Z © {iE{{^p} ■ kn-lF) + lENE/FknE) = iEknE. 

Observe that Xi fl iEknE = {0} and therefore Xi satisfies the sec- 
ond part of condition (0) in Theorem ^ Similarly, the second part of 
condition follows from the definition of Z. 

Further set Lj = if i 7^ 1, 2, p. We claim that the Fp-modules Li 
satisfy the hypotheses of Proposition El 

First observe that Lp = lENE/FknE = {a — ly^^^knE satisfies the 
hypotheses of Proposition El for Lp. Next, by Proposition HI if i > 3 
then 

(a - ly-^knE n (knEf = lENE/pknE = (0- - If-^knE, 

so that the Lj = 0, 3 < z < p, satisfy the hypotheses for Lj. Moreover, 
again by Proposition [H 

{a - l)knE n {knEf = iEii^p} ■ kn^lF) + lENE/EknE. 

We show next that 

L2 © Lp = iE{{ip] ■ kn^iE) + iENE/pknE. 

First let 7 e iE{{^p} ■ n iENE/pknE. Then 7 = {^p} ■ iE{f) = 

iE^E/Ff^ for some / G Kn-iE and some a G KnE. By Theorem (HI 
{^p} ■ I ~ NE/pOi = {a} ■ b for some b G kn-iE. But then {a, ^p} ■ / = 0, 
since NE/FknE = ann{a} by Theorem |H1 and {a, a} = 0. Therefore 
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/ G ann{a, ^p}. Conversely, if / G ann{^p, a} then {^p} ■ / G NE/pknE. 
Because W is an Fp-complement of ann{a, ^p} in k^-iF, we obtain that 

iEii^p} ■ kn-iF) + iENE/pkuE = iEii^p} ■ W) © iENE/pkuE 

= L2® Lp. 

Finally, by construction of Xi and Z, observe that 

{knEf = Xi © Z © L2 © Lp. 

Therefore Li = Xi © Z is an Fp-complement of {a — l)knE fl {k^E)^ = 
L2 © Lp in {knE)^ , as desired. 

Applying Proposition we obtain Fp[G] -modules X2 and Y such 
that {X2)^ = L2, = Lp = iENE/pknE, X2 is a direct sum of 
dimpp L2 cychc Fp[G] -modules of length 2, and y is a free Fp[G] -module 
of rank dimp^^ Lp. By construction Xi and Z are trivial Fp[G']-modules. 

We turn to the calculation of the dimensions of Xi, Z, L2, and Lp. 
Note that for p > 2, ker(i^) C NE/pknE. Indeed, by Theorem El 
ker(2£;) = {a} ■ kn-iF and NE/pknE = ann{a}, and from Ne/p{A} = 
{a} and the projection formula (see |FWt p. 81]) we obtain ker(i£;) C 
NE/pknE. Then we calculate 

dimpp Lp = dimr^ tENE/pknE = dim-^^ NE/pknE/ ker(z£;) 
= dimr^ NE/pknE /{a} ■ kn-iF 

= y, 

dimFp Z = dimpp ipknE/iEiiCp} ■ kn-iF) + iENE/pknE 
= dimp^ knF/{{^p} ■ kn-lF + NE/pknE) 
= z; and 
dimFp L2 = dimpj, ipii^p} ■ W) = dimp^ W 
= dimpp kn-iF/ ann{a, ^p} 
= T2. 

(In the determination of dimFj, L2 we use both Lemma [T] and the defi- 
nition of ly.) 

As for Xi, by LemmaOlwe have keT{NE/p) H {knE)'^ = ipknF as well 
as NE/p{{knE)'^) = {a} ■ ann{a,^p}. Then Xi, as an Fp-complement 
of ipknF in (knE)'^, is mapped isomorphically under Ne/p onto {a} ■ 



GALOIS MODULE STRUCTURE 17 

ann{a, C,p} = {a} ■ V. Therefore we calculate 
diniFp Xi = dimppja} ■ ann{a, ^p} 

= dimpp ann{a,^p}/ ann{a} = Ti. 

Next we claim that Ne/f{XiQ)X2) = {a}-kn-iF. First observe that 
because lENE/piXi © X2) = (o" - lf'^{Xi © X2) = {0} we have 

NE/FiXi © X2) C kei iE = {a} ■ K-iF. 

Since {a} ■ kn-iF = {a} ■ {V © W), it suffices to show 

{a}-V C Ne/f{Xi © X2) and {a}-W d Ne/f{Xi © X2). 

By the above, Ne/f niaps Xi isomorphically onto {a} • V , so we have 
the ffist inclusion. For the second, let {a} • w G {a} ■ W . Then 

iVi?/F({^} • = {a]-w. 

Observe that X2 = ¥p[G]Y2, where Y2 is an Fp-submodule of X2 mapped 
isomorphically under (a — 1) onto iE{{(,p} ■ W). Therefore there exists 
7 G I2 C X2 such that 

ia-l)^ = ia~l){{A}-tEw). 

Then {A} ■ iew - ^ e (KE)^. Now 

NE/FiiKEf) = {a} ■ ann{a, Q = {a} ■ V = Ne/f{Xi). 

Applying the projection formula, {a}-w — NE/F{'l) ^ Xe/f{Xi). Hence 
{a} ■ W C Ne/f{Xi © X2), as required. 

Lastly, we need to show the relations between the dimensions of these 
modules. From 

y = dimp^ NE/FknE/{a} ■ K-iF 

and 

dimF^({a} ■ K-iF) = dimpja} ■ © 1^) 

= ^imf^{V®W) = T1 + T2 
(again using Lemma Q), we obtain that 

T1 + T2 + y = dimpp NE/FknE = e. 
Furthermore, since 

lEknF 



z = dimf. 
= dimF, 



" lE{{ip}-K-lF)+iENE/FknE 

iEkriF 

" tE{{ip]-W)®tENE/FknE 
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and T2 = dimpp iE{{^p} ■ W), we use ker(i£;) C NE/pknE to deduce 

T2 + z = dimpj, KF /NE/pknE = d. 
The proof is complete. □ 

Proof of Theorem\^ Assume p = 2, and set 

U = Xi + Z 

L2 = ieNe/fKE, 

where we choose F2-complements Xi and Z, as follows: 

Xi © ipknE = {knEf 

Z ® lENE/pknE = lEknF. 

Observe that Xi fl ipknE = {0} and therefore Xi satisfies the second 
part of condition of Theorem |21 Similarly, the second part of condi- 
tion follows from the definition of Z. Note also that by construction 
the sum Xi + Z is direct. 

Since by Proposition 

(a - 1)KE n {knE f = iENE/pknE, 

we see that Xi + Z is an F2-complement of (cr — l)knE fl {knEf in 
{knEf. Therefore Li and L2 satisfy the hypotheses of Proposition |21 
and there exist a free F2[G]-module Y with Y'^ = iENp/pknE and 
trivial F2 [G] -modules Xi and Z such that 

knE = Xi®Y ® Z. 

We next determine the rank of Y and the dimensions of Xi and Z . 
We claim first that 

ker(i£;) n NE/pknE = {a} ■ ann{a, —1}. 

Indeed, by TheoremlHl ker(2£') = {a} ■ kn-iF and Np/pknE = ann{a}. 
Then, we deduce from {a} ■ f G ker(i£;) fl Np/pknE and the fact that 
{a, a} = {a, —1} for p = 2 that 

{a, -1} ■ / = {a,a} ■ / = 0. 

Conversely, suppose / G ann{a, — 1}. Then because {a, a} = {a, — 1} 
we have 

{a} ■ f G {a} ■ kn-iF fl ann{a} = keT{ip) fl Np/pknE. 
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We then calculate 

dimpj L2 = dimpj lENE/pknE 

= diiiiFj NE/pknE / {a} ■ ann{a, —1} = y 

and 

diniFa Z = diniFa ieKF /ieNe/fKF 

= diniFa KF/ {Ne/fKE + {a} ■ K-^iF) = z. 

As for Xi, by Lemma IHl we observe that \bx{Neif) H (knE)'-' = 
isknE and NE/piiknE)'^) = {a} ■ ann{a, — 1}. Hence Xi, as an F2- 
complement oiiEknF in {knE)^ , is mapped isomorphically under Ne/f 
onto {a} ■ ann{a, —1} = {a} ■ V . Therefore 

dimpj Xi = dimpjla} ■ ann{a, —1} 

= dimpj ann{a, —1}/ ann{a} = Ti. 

Now we establish the relations between these dimensions. Since 
y = dimpj NE/pknE /{a} ■ ann{a, —1}, 

we have 

Ti + y = dimpp NE/pknE = e. 
Finally, we calculate 

d = dimpj knF /NE/pknE 
= dimpj knF /{NE/pknE + {a} ■ A;„_iF) + 

dua^^^Np/pknE + {a} ■ kn-iF) / N p / pknE 
= z + dimFjja} ■ kn^iF/{a} ■ ann{a, —1} 
= z + dimpj kn-iF/ ann{a, —1} = z + T2. 
The proof is complete. □ 

5. Proof of Theorem [HI 

For the case p = 2 we have the long exact sequence of Galois coho- 
mology groups due to Arason (Xj Satz 4.5]. Suppose then that p > 2, 
and assume first that F is perfect. Let S be any Sylow p-subgroup of 
Gp = Gal(Fsep/-F), and set L to be the fixed field of S. Because F is 
perfect, the separable closure F^ep is identical to the algebraic closure 
F, and hence each finite extension of L has degree a power of p. In 
particular, all of the hypotheses of Theorem El are valid for the field 
L in place of F. Furthermore, ([L : F],p) = 1. (Here we use basic 
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properties of supernatural numbers and Sylow p-subgroups. See jHil 
Chapter 1].) Therefore if E = F{^^/a) is a cychc extension of F of 
degree p, so is EL = L{^/a) over L. By Theorem El we see that the 
sequence 

is exact for each m G N. 

We claim that ii '■ k^F k^L is injective. Indeed, suppose that 
^L(ct) = for some a G k^F. Then there exists a finite subextension 
M/F of L/F such that iM^a) = 0. Then 

= NM/F{tM{a)) = [M : F]a. 

(See |FV1 Thm. XI.3.8].) Because [M : F] is coprime with p, we see 
that a = and is injective as asserted. Similarly we have that 
^EL'- kmE — > kjnEL IS iujective. 

We then have the following commutative diagram: 



.Nel/l , ^ {a} 



km-iEL ^ kjn-lL ^ kmL ^ kfnEL 



^ km-lF ^ kraF 

The fact that the first square is commutative follows from |BT[ p. 383]. 
The commutativity of the remaining part of the diagram is clear. Be- 
cause the vertical maps are injective, we see that the bottom row of the 
diagram is a complex: the composition of any two consecutive maps 
is the zero map. We now establish exactness at the second and third 
terms of the complex. 

Let a G km-iF such that {a} -0 = 0. Then {a} ■ il^o) = and 
therefore there exists an element /? G km-iEL such that Nel/l{P) = 
iL{ci)- Let M/F be a finite extension such that (3 is defined over EM. 
Then Nem/m{P) = '^m(«) (see [BT, p. 383]), and we have 

Nem/f{P) = Nm/f{Nem/m{(3)) = NM/FiiAiia)) = [M : F]a. 

Thus NE/F{NEM/Em = Nem/f{P) = [M : F]a. 

Because ([M : F],p) = 1 we see that a G NE/F{km-iE). Therefore 
we have established the exactness of our complex at k^-iF. 

Now assume that a G kmF such that = G kmE. Then 

arguing as above, we see that there exist a finite extension M/F and 
P G km-iM such that {a} ■ P = Im^oi) G k^M. 
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Applying Nm/f and using the projection formula we see that 

{a} ■ NM/FiP) = NM/F{iM{a)) = [M : F]a. 

Because [M : F] is coprime with p, a & {a} ■ Nm/f{i) for a suitable 
element 7 G km-iM. Hence we see that our complex is also exact at 
kmF and the full complex is exact. 

Now if F is not perfect, let Fpc denote the perfect closure of F (see, 
for instance, Ka, pp. 69-70]). Since finite purely inseparable extensions 
of F are of gth-power degree, where q is the characteristic of F, and 
q p since G F, we obtain ([-Fpc '■ F],p) = ^- The argument above 
establishes the theorem for the perfect field Fpc, and a similar transfer 
argument descends from Fpc to F. □ 

6. From H'{Gf,¥p) to H'{Gf{p),¥p) 

In the previous sections, we worked with cohomology groups of ab- 
solute Galois groups. In this section we observe that, assuming the 
Bloch-Kato Conjecture, we may replace these groups with cohomology 
groups of maximal pro-p-quotients of absolute Galois groups. 

Let F{p) be the compositum of all finite Galois p-power extensions 
of F in a fixed separable closure F^ep of F, Gp = Gal(Fsep/F), and 
T = Gal(F(p)/F) = Gf{p). Since F contains we see that F{p) is 
closed under taking pth roots and hence H^{GF(j,),¥p) = {0}. By the 
Bloch-Kato Conjecture (see Theorem 0} the subring of the cohomology 
ring H*{Gf(p),¥p) consisting of elements of positive degree is generated 
by H\Gf{p),¥p). Hence for each i G H'{GF{p),¥p) = {0}. Then, 
considering the Lyndon-Hochschild-Serre spectral sequence associated 
to the exact sequence 

1 Gf{p) — > Gf — ^ F — > 1, 

we have that inf : H^{T,¥p) — > W{Gf,¥p) is an isomorphism for all 
i G NU {0}. 

Recall that E = F{^), and let = Gal(F(p)/F). By the same ar- 
gument, we have that inf : W{N, ¥p) —>■ H^{Ge, ¥p) is an isomorphism. 
A straightforward argument with cochains shows that this isomorphism 
is T/A^-equivariant. 

We denote by (a) G H^(T,¥p) the element corresponding to a and 
by (a, ^p) the cup product (a) ■ (^p) in H'^(T,¥p). From Theorems El 
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El and the above argument we see that the following sequence is exact 
for i > 0: 

H\N,¥p) ^ H\T,¥p) H'+\T,¥p) ^ H'+\N,¥p). (1) 

Hence cot H\N,¥p) = a.ianfji(T,¥p){(^)- Observe that, by naturality, the 
inflation map inf induces the following isomorphisms: 

coTH\N,¥p) = annH^^T,¥p){a) ^ cotH\Ge,¥p) = annH^^GF,¥p){a), 

ann^i(7^^Fp)(a, ^p) ^ ann^i(G^^Fp)(a, ^p). 

From now on we shall freely use the isomorphisms related to the 
cohomology groups H\T,¥p), H\GF,¥p) and the cohomology groups 
of their open subgroups observed in this section. 

7. Partial Euler-Poincare Characteristics 

In this section we determine dimp^ H\N, ¥p) for all open subgroups 
of T. In the case when T is finitely generated we use this result to calcu- 
late the nth partial Euler-Poincare characteristic of N. We show that 
a very simple relation exists between the nth partial Euler-Poincare 
characteristics of and T, and we then sharpen Koch's well-known 
criterium for the cohomological dimension of T. These results help clar- 
ify the structure of finitely generated subgroups of Sylow p-subgroups 
of absolute Galois groups, a class about which we know comparatively 
little. 

Recall that the elementary type conjecture asserts a classification of 
finitely generated subgroups of Sylow p-subgroups of absolute Galois 
groups. A version of this conjecture was first introduced in the context 
of Witt rings of quadratic forms by Marshall |Mlj (see also |M2j ). 
and Jacob and Ware then considered the conjecture in terms of Galois 
groups Gf{2) |J Wlj . |JW2j . Efrat jET] extended the conjecture to 
possible groups Gp{p): each finitely generated group Gpip) i^^y be 
constructed from groups Z/2Z, Zp, and Gpip) for F ^ local field, using 
some specific semidirect products and free products in the category 
of pro-j9-groups. (For a precise definition, see |Elj and |E3j . Another 
variant of the elementary type conjecture may be found in |Kuj . For a 
more recent investigation of the elementary type conjecture, see |Enj .) 

Although the elementary type conjecture attempts a far-reaching 
generalization of the work of Artin-Schreier and Becker |Bej . at the 
moment there is little evidence for the conjecture in such generality. 
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although the conjecture holds for algebraic number fields and fields 
of transcendence degree 1 over local fields |Elj . |E2j . |E3j and for 
G'ir(2) when \F^ / F^'^\ < 8 |JWlj . The significance of this work on 



the nth partial Euler-Poincare characteristic of finitely generated sub- 
groups and their connections with cohomological dimension lies in the 
fact that we do not use the elementary type conjecture to achieve the 
new results. As a consequence, the formulas provide a new tool for the 
investigation of the validity of the elementary type conjecture. (For 
further connections among the elementary type conjecture, Demuskin 
groups, and Galois modules, see 

For the remainder of the section we will use without mention the fact 
that COT H\N,¥p) = a.nnHi(^T,¥ which follows from Theorem IHl 
Moreover, from this point on, we will write ann(a) for aiinfjt(^rp,¥p){(^) 
and ann(a,^p) for annj|;^,(T jr^)(a, ^p). For each z > we set 

= dimFp ann(a) 
di = dimFj, H\T, Fp)/ ann(a) 
hi = dimFj, H'{T, Fp) = ai + di. 

Proposition 3. Let N be an open subgroup of T = GdA{F{p)/F) of 
index p. (We do not assume that T has finite rank.) 

(a) We have 

cor HHN F 

dimF, H\N, Fp) = + d,+p dimF, . ' i(y • 

(b) Assume further either that p > 2 or that p = 2 and a is a sum of 
two squares in F. Then 

dimF^ W{N, Fp) = di.i + di + py. 

(a) Assume further either that p > 2 and ai is finite, that p = 2, a is 
a sum of two squares in F , and ai is finite, or that p = 2 and hi_i 
and hi are finite. Then 

dimpp H\N, Fp) = di^i + di + p{ai - di_i). 



Proof. Assume first that p > 2. Observe that 

IP-HT^ ann(a,ep) „ 

di_i = dimFp -. — —:- + dimFp --^ = + Ti. 

ann(a, c,p) ann(a) 
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By Theorem [T|jHj) . we have rfj = T2 + z. Then from Theorem ^ we 
conclude 

dim^, Fp) = Ti + 2T2 + + z 

= (Ti + T2) + (T2 + ^)+P2/ 

= di-x + (ij + vy- 

In the case when < 00 we deduce 

dimp^ E\N, Fp) = di_x + (i^ + p(ai - 

Now assume that p = 2 and that a is a sum of two squares in F. In 
this case, using Theorem we have: 

dimp^ H\N,¥2) = Ti + 2y + z. 

Because a is a sum of two squares in F, we see that —1 G Ne/f{E^)- 
Then (a) ■ (a) = (a) ■ (—1) = in if^(T, F2) and we obtain that 
ann(a, -1) = H'~\T,¥2) and Ti = dimp^ //^-^(T, F2)/ ann(a) = cii_i. 
Furthermore, in this case (a) ■ H^~^{T,¥2) C cor if*(A^, F2) and there- 
fore 

2; = dimjp, — — = dj. 

' corif*(A^,F2) 

Thus we recover the same formula as above: 

dimF2 H\N, ¥2) = di_i + di + 2y. 
In the case when < 00 we deduce 

dimF2 H\N, ¥2) = di_i + di + 2{ai - d^.i). 



Finally assume that p = 2 and that a is not necessarily a sum of two 
squares in F. Then from Theorem |21 

dimp, W{N,¥2) = Tx + 2y + z 

ann(a,-l) cor /f^(iV, F2) 

= dimFa -r^ h 2 dimpj 



ann(a) (a) ■ ann(a, —1) 

... H%T,¥2) 

(a) ■iy*-i(T,F2) + cor/7^(iV,F2)' ^ ' 
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Now assume that and hi are finite. Then equation (j2|) may be 
simplified, as follows. Observe that 

^. {a)-W-\T,¥2) + coiH\N,¥2) 
dimFa 



coi H^{N, Fa) 

{a)-m-\T,¥2) 



dim 



Fa 



(a) ■i^*-i(T,F2) ncorff^(iV, Fa) 

We claim that 

{a)-W-^{T,¥2)ncoiH\N,¥2) = (a) ■ ann(a, -1). 

The right-hand side is contained in the left-hand side by Theorem IS©- 
Now suppose that for some h G -?f*^^(T, F2), (a) ■ h = cors for some 
s e H'{N,¥2). Then (a, -1) ■ h = {a,a) ■h = since cor i7*(iV, F2) = 
ann(a) and, since p = 2, {a, a) = (a, — 1). Then h G ann(a, — 1) and 
our claim is proved. Therefore 

{a)-H^-\T,¥2) + coiH'{N,¥2) ^. (a) ■ W-\T,¥2) 
dimpa = dimFa 



corif^(iV,F2) ' (a) ■ ann(a, -1) 

H'-\T,¥2) 



dim, 



■Fa 



ann(a, — 1) 



Now in equation Q we add and subtract two copies of 
[a) ■ H'-\T,¥2) ^. H^-\T,¥2) 



dimpa -—{ 7 TT = dimpa , , , 

(a) ■ ann(a, — 1) ann(a, — 1] 



We then obtain 

ann(a,-l) , H'-^(T,¥2 
dimFa H\N, ¥2) = dimpa 1 \ + ^imFa 



dimpj 



ann(a) ann(a, — Ij 

H\T,¥2) 
cor H'{N, ¥2) 
+ 2(dimFa cor/7XA^,F2) -dimFa(a) ■if^"^(T,F2)) 
= di-i + di + 2{ai - di^i). 

□ 

Remark. We observe that if p = 2 and hi_i and hi are finite, the 
last formula of the proposition also follows from Arason's long exact 
sequence jXl Satz 4.5]. 
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8. Proofs of Theorem El and Corollary [21 

Proof of Theorem{^ Let T = Gf{p) be of finite rank and an open 
subgroup of index p. Hence the nth partial Euler-Poincare charac- 
teristic Xn(T) is well-defined. For < i < n, let ai, di, and hi be 
defined as in section Because dimf^ F^/F^p < oo implies that 
dimjF E^/E^P < oo by Theorems and HI in the case n = 1, we see 
that flj, di, hi, and Xi{^) ^''^^ ^ill well-defined for all i G N. 

By Proposition El we calculate 

n 
i=0 

n 

= l + J2i~'^y{di~i + di+Piai-di^i)) 

i=l 

Since hi = ai + di, we have 

PXn{T) - Xn{N) =p(l + + d,)]+ 



J=l J \i=\ 



n 



P 



i=l / \j=l 

n+1. 



=p(-i)"rf„ + (-ir+M„ 
= (-ir(p-i)d„. 

We have therefore shown item (jlj). 

Now if p > 2 then by Theorem |T1I7|) and the fact that F°(A^) = {0} 
we have 



An 



(iV)=p5^(-ir(a.-rf._i). 



i=l 



Moreover, if p = 2 and -1 G Ne/f{E), then (a, -1) = in H^{T,¥2) 
and annj|/n-i(7^p2)(a, — 1) = H"-~^(T,¥2). By Theorem |21© we obtain 
that the formula for the rank of Y has the same shape as the formula 
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in the case p > 2: 

mnk^.lG] Y = diniF^ cor if"(iV, ¥2)/ (a) ■ H''-\T, ¥2) 
= a„ — Ti 

Therefore in this case we have 

n 

X^(iV) = 2^(-ir(a,-rf..i) 

i=l 

as welL In either case p > 2 or p = 2 and — 1 G Ne/f{E), we then 
calculate 

n 

Xn{N) = 1 + J2^-iy {d^-l + di+ p{ai - d^-l)) 
1=1 

= (-irrf„+xi(iv), 

showing equation (jbj. □ 
Corollary ^ is an immediate consequence of Theorem El 

Proof of Corollary{^ 

(IH) =^ 0: Assume that Xn{N) = pXniT) for all subgroups 
of T of index p. Then by Corollary ^ the corestriction map cor„ : 
H"'[N,¥p) — > H^{T,¥p) is surjective for all such subgroups A^. By 
exact sequence © of sectional res„+i : H''+\T,¥p) H''+\N,¥p) is 
injective for all such subgroups A^. 

By the Bloch-Kato Conjecture (see Theorem 0}, if"+^(T, Fp) is gen- 
erated by elements (ai) ■ (02) ■ ■ ■ (^n+i), o,i ^ -^^5 (c^i) ^ 
We claim that these elements are equal to zero. If (ai) = 0, then 
(ai) ■ ■ ■ (a^+i) = 0. If (ai) 7^ 0, then let E = F(^/ai) be the cychc 
extension of degree p and set A^ = Gal{F{p)/E). Then (ai) ■ ■ ■ (a„+i) 
lies in the kernel of res„+i : /7"+i(r,Fp) H''+^{N,¥p). Since res^+i 
is injective, (ai) ■ ■ ■ (a„+i) = 0. Thus iJ"+^(T, Fp) = {0}, as required. 

O (|S1) follows from the fact that for each open subgroup U 
of T, cd{U) = cd(T) < n (see |NSW| Prop. 3.3.5]) and hence for 
each open subgroup V of U of index p, cor: H"'{V,¥p) H^{U,¥p) 
is surjective. (See |NSW| Prop. 3.3.8].) Then by Corollary [T] we have 

Xn{V)=pXniU). 

^ dT} follows by setting U = T. □ 
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